I consider the case of two interacting scalar fields, φ and ψ, and use the path integral formalism in order to treat the first classically and the second quantum-mechanically. I derive the Feynman rules and the resulting equation of motion for the classical field which should be an improvement of the usual semi-classical procedure. As an application, I use this method in order to enforce Gauss's law as a classical equation in a non-abelian gauge theory, and derive the corresponding Feynman rules.
Introduction
Consider the case of two scalar fields, φ and ψ, interacting with the action
where
The classical equation for φ is obtained from
If one wishes to treat ψ quantum-mechanically, the usual, semi-classical procedure leads one to replace all terms containing ψ in (3) by their vacuum expectation values. There are, however, several problems associated with this procedure, conceptual as well as technical. One would like to have a more self-consistent approach in order to incorporate quantum effects on classical fields and vice-versa. Here, I use the path integral formalism in order to describe this problem, and I get the resulting Feynman rules that enable one to study the interactions between the classical and quantum fields. The result is what one would expect: the classical field propagates only in tree diagrams, not in loops, and the quantum field propagates as usual, providing the quantum corrections. This leads to an effective equation of motion for the classical field that should be an improvement upon the semi-classical procedure.
The path integral approach has been used before in order to treat pure classical mechanics [1, 2] , and investigate problems of classical behavior in quantum field theory [3, 4] . The formalism developed here has many similarities to these previous works. The main method is an extension of [1, 2] to the case of interactions between classical and quantum fields (there are, however, some important differences even in the case of purely classical fields).
In Sec. 2 I develop the main formalism, derive the Feynman rules and get an effective action from which the equation of motion for the classical field can be obtained. In Sec. 3 I use this method in order to treat Gauss's law classically in a non-abelian gauge theory in the Coulomb gauge. In Sec. 4 I conclude with some comments.
Path integral and effective action
In order to calculate
where φ cl is the solution of (3), I use the Lagrange multiplier λ and ghost fields c,c, similarly to the work in [1, 2] , and, adding another source Λ, the path integral to be evaluated becomes
For the simplest case of two interacting scalar fields with (2) we get
where K = −(2 + m 2 ). The propagators and the vertices can be deduced from here. For the λ and φ fields we get
where in momentum space G = i/(k 2 − m 2 + iǫ) is the usual Feynman propagator. Accordingly, there is no φ − φ propagator, there are, however, a mixed λ − φ propagator equal to G, and a λ − λ propagator equal to −G. The remaining ψ − ψ and ghost propagators as well as the various vertices are as usual from (7).
One can now check: at one loop order the loops with the λ−φ propagator cancel with the ghost loops, and similar cancelations exist in higher loops, loops with the λ − λ propagator do not appear because of the Feynman rules of the modified action, with the final result that the φ field does not have quantum corrections but only propagates classically through tree diagrams. A typical line in a tree diagram is either the sum of two λ − φ and one λ − λ propagator, or a single λ − φ propagator, in both cases equal to G. The ψ field, of course, propagates quantum mechanically and gives the quantum corrections to the classical field φ.
I should note here that the propagator G that we get for the classical field is the Feynman propagator, and not the retarded one that is usually employed in classical mechanics. There are two reasons for that: first, the boundary conditions used in the path integral (the field goes to zero at infinity) are different than the ones usually employed in classical mechanics (the field configuration is given at an initial time). One can check with a more careful evaluation of (8) that we get, indeed, the Feynman prescription. This is true even if we have only the classical field in our theory. One can presumably use the path integral formalism with different boundary conditions, in order to attack purely classical problems. Then the retarded propagator would probably emerge as in [2] . A second, physical reason that is relevant here, is that we want to study interactions between the classical and quantum fields. The possibility of particle creation and annihilation is essential for both the classical and quantum fields. Our classical field, therefore, admits both particles and antiparticles propagating classically.
Renormalization of the theory proceeds as usual. All divergent terms come from loops of the quantum field ψ and depend on the quantum-classical coupling g ′ or the quantum coupling g ′′ . Pairs of terms like gλφ 3 and gφ 4 in the modified actionS have the same divergencies associated with, accordingly the renormalization procedure does not affect the classical nature of the field φ.
I will now proceed to show how the classical equation for φ gets modified in the presence of quantum interactions. If we use the generating functional Z(J, J ′ , Λ) to construct W (J, J ′ , Λ), the generating functional for connected diagrams, and from that Γ(φ, ψ, λ), the effective action, we see that the appropriate equation is δΓ δλ λ=0 = 0.
This can be verified if we consider the theory with only the classical field and use the properties of the Legendre transformation in order to express the classical equation δS/δφ = −Λ = 0 in terms of the effective action. So the equation of motion for the classical field φ can be taken from the tadpole one-particle irreducible graphs with one external field λ that contain ψ loops and lines of the λ and φ fields, but not loops of the classical field. For the case of the two interacting scalar fields of (2) we get at one loop order
is the usual one loop effective potential of the original theory without the φ loop (m
). In fact (11) also contains the loop with only the ψ field. Since this is, however, φ-independent it does not contribute to (10). One can check that when the quantum-classical coupling g ′ is zero this reduces to the ordinary equation for a classical KleinGordon field. Regularization and renormalization are performed as usual, as was discussed above.
The resulting equation for the classical field is written as an equation of motion from an effective action that contains what one would expect: arbitrary loops of the quantum field but not loops of the classical field. It depends on the vacuum expectation value of the quantum field ψ, enabling one to also study problems of symmetry breaking. Even for ψ = 0, of course, it provides the quantum corrections to the classical equations of motion. What is more important, this method allows one to include higher order corrections self-consistently through the effective action formalism.
The complete effective action, of course, also describes the quantum properties of the field ψ. One can then determine the effects of the classical field on the quantum field via its effective potential or other terms. There are also higher order terms that involve powers or derivatives of the auxiliary field λ. Their relevance, if any, to the combined dynamics of the system is not clear from this work.
An application in non-abelian gauge theory
The formalism of the preceding section applies strictly in the case of two interacting fields. Here, however, I will show how it can be used in the case of the non-abelian gauge theory in the Coulomb gauge, in order to treat Gauss's law classically. It is not clear whether the resulting theory is selfconsistent in terms of renormalizability and gauge invariance issues. Since, however, these problems also arise in the usual quantization in the Coulomb gauge, I will proceed to describe the set of Feynman rules with the formalism used here and I will discuss these problems at the end of this section.
For the non-abelian gauge theory with Lagrangian
ν , the Coulomb gauge is defined by the condition
Then in the Coulomb gauge Lagrangian
A a 0 generates instantaneous interactions for the color charges via Gauss's law
In order to enforce Gauss's law classically, as an equation of motion for A a 0 , similarly to the formalism of the previous section, we use Lagrange multipliers λ a and ghost fieldsc a , c a , and get the modified Lagrangiañ
and if we substitute
we see that the λ a [6] , by integrating out the remaining fields in order to investigate the infrared properties of the gauge theory in the spirit of [5] .
Even if the problems of the Coulomb gauge are not solved, however, this method provides a different approach if one wishes to study infrared properties of the theory in a phenomenological way by adding suitable terms in the Lagrangian [5] . The added terms that involve A 0 do not even have to be renormalizable, since A 0 behaves classically by construction and does not propagate in loops (see also the following discussion).
Comments
In this work I developed a formalism in order to treat interactions between quantum and classical fields through the path integral. It seems that one is able to describe quantum-classical interactions in field theory self-consistently with this method. The path integral formalism is particularly simple and can hopefully be generalized in other cases involving such interactions.
Some applications of this work, besides the conceptual problem of quantumclassical interactions, would be in cases of a non-renormalizable classical interaction, such as gravity. Note that there is nothing in this theory that demands the classical field to have a renormalizable quantum equivalent. Even a non-renormalizable self-interaction of the classical field does not generate higher order terms since there are no classical loops. There may be of course quantum-classical interaction terms that generate higher order terms, so the problem of renormalizability then depends on the specifics of the model. I have also given an example of an application of this work in the case of a non-abelian gauge field theory in the Coulomb gauge by using this method in order to treat Gauss's law as a classical equation for A 0 . This is different in spirit than the previous discussion, it shows, however, another application of this method in this case, where it can be useful for studying the infrared properties of the theory.
This points also to a different kind of problem in theories that have infrared singularities: one can, presumably, use this method in order to study the infrared modes of these theories classically, and include the quantum corrections from higher momentum modes self-consistently. The problem here, of course, is the use of an arbitrary cut-off scale, and care should be taken in order to derive cut-off independent results.
